On the existence of solutions of the second boundary value problem for
  $p$-Laplacian on Riemannian manifolds by Brovkin, V. V. & Kon'kov, A. A.
ar
X
iv
:2
00
5.
11
78
1v
1 
 [m
ath
.A
P]
  2
4 M
ay
 20
20
ON THE EXISTENCE OF SOLUTIONS OF THE SECOND
BOUNDARY VALUE PROBLEM FOR p-LAPLACIAN ON
RIEMANNIAN MANIFOLDS
V. V. BROVKIN AND A. A. KON’KOV
Abstract. We obtain necessary and sufficient existence conditions for solutions
of the boundary value problem
∆pu = f on M, |∇u|
p−2 ∂u
∂ν
∣∣∣∣
∂M
= h,
where p > 1 is a real number, M is a connected oriented complete Riemannian
manifold with boundary, and ν is the external normal vector to ∂M .
1. Introduction
Let M be a connected oriented complete Riemannian manifold with boundary.
We consider the problem
∆pu = f on M, |∇u|
p−2 ∂u
∂ν
∣∣∣∣
∂M
= h, (1.1)
where ∆pu = ∇i(g
ij|∇u|p−2∇ju), p > 1, is the p-Laplace operator, ν is the external
normal vector to ∂M , and f and h are distributions fromD′(M) with supp h ⊂ ∂M .
As customary, by gij we denote the metric tensor consistent with the Riemannian
connection and by gij we denote the dual metric tensor, i.e. gijg
jk = δki . In so doing,
|∇u| = (gij∇iu∇ju)
1/2. Following [9], by W 1p,loc(ω), where ω is an open subset of
M , we mean the space of measurable functions belonging to W 1p (ω
′ ∩ ω) for any
open set ω′ ⊂ M with compact closure. The space Lp,loc(ω) is defined analogously.
A function u ∈ W 1p,loc(M) is called a solution of problem (1.1) if
−
∫
M
gij|∇u|p−2∇ju∇iϕdV = (f − h, ϕ)
for all ϕ ∈ C∞0 (M), where dV is the volume element of the manifold M .
As a condition at infinity, we require that solutions of (1.1) satisfy the relation∫
M
|∇u|p dV <∞. (1.2)
Denote for brevity
F = f − h. (1.3)
In the partial case of f ∈ L1,loc(M) and h ∈ L1,loc(∂M), we obviously have
(F, ϕ) =
∫
M
fϕ dV −
∫
∂M
hϕ dS
for all ϕ ∈ C∞0 (M), where dV is the volume element of M and dS is the volume
element of ∂M .
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Definition 1.1. The capacity of a compact set K ⊂ ω relative to an open set
ω ⊂M is defined by
capp(K,ω) = inf
ϕ
∫
ω
|∇ϕ|p dx,
where the infimum is taken over all functions ϕ ∈ C∞0 (ω) that are identically equal
to one in a neighborhood of K. In the case of ω =M , we write capp(K) instead of
capp(K,M). For an arbitrary closed set H ⊂M , we put
capp(H) = sup
K
capp(K),
where the supremum is taken over all compact sets K ⊂ H . The capacity of the
empty set is assumed to be equal to zero.
In the case of M = Rn, n ≥ 3, the capacity cap2(K) coincides with the well-
known Wiener capacity [8]. It can be easily shown that capp(K,ω) has the following
natural properties.
(a) Monotonicity. If K1 ⊂ K2 and ω2 ⊂ ω1, then
capp(K1, ω1) ≤ capp(K2, ω2).
(b) Semi-additivity. If K1 and K2 are compact subsets of an open set ω, then
capp(K1 ∪K2, ω) ≤ capp(K1, ω) + capp(K2, ω).
Definition 1.2. Manifold M is called p-hyperbolic, if its capacity is positive, i.e.
capp(M) > 0; otherwise this manifold is called p-parabolic.
If M is a compact manifold, it is obviously p-parabolic. It can be also shown
that Rn is a p-parabolic manifold for p ≥ n and a p-hyperbolic manifold for p < n.
By L1p(ω), where ω is an open subset of M , we denote the space of distributions
u ∈ D′(ω) for which ∇u ∈ Lp(ω). The semi norm in L
1
p(ω) is defined as
‖u‖L1p(ω) =
(∫
ω
|∇u|p dV
)1/p
.
It is known [10] that L1p(ω) ⊂ Lp(K) for any compact set K ⊂ ω. It can be also
shown that L1p(ω)/<1> is a uniformly convex and therefore reflexive Banach space.
By
o
L1p(ω) we denote the closure of C
∞
0 (ω) in L
1
p(ω). By
o
L1p(ω)
∗ we mean the dual
space to
o
L1p(ω) or, in other words, the space of linear continuous functionals on
o
L1p(ω). The norm of a functional l ∈
o
L1p(ω)
∗ is defined as
‖l‖ o
L1p(ω)
∗
= sup
ϕ∈C∞0 (ω), ‖ϕ‖L1p(ω)
=1
|(l, ϕ)|.
For the solvability of problem (1.1), (1.2) it is necessary and sufficient that the
functional F defined by (1.3) is continuous in the space
o
L1p(M). Indeed, if u is a
solution of (1.1), (1.2), then
−
∫
M
gij|∇u|p−2∇ju∇iϕdV = (F, ϕ) (1.4)
for all ϕ ∈ C∞0 (M), whence in accordance with the Ho¨lder inequality we obtain
|(F, ϕ)| ≤ ‖u‖p−1L1p(M)‖ϕ‖L
1
p(M)
.
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Defining F by continuity to the whole space
o
L 1p(M), we complete the proof of
necessity. To prove sufficiency, let us take a sequence ϕi ∈ C
∞
0 (M), i = 1, 2, . . .,
such that
lim
i→∞
J(ϕi) = inf
ϕ∈C∞0 (M)
J(ϕ),
where
J(ϕ) =
1
p
∫
M
|∇ϕ|p dV + (F, ϕ).
Since F is a continuous functional in
o
L1p(M), the sequence {ϕi}
∞
i=1 is bounded in
the semi norm of the space L1p(M), in particular,
lim
i→∞
J(ϕi) = inf
ϕ∈C∞0 (M)
J(ϕ) > −∞.
We select from the sequence ϕi +<1> ∈ L
1
p(M)/<1>, i = 1, 2, . . ., a subsequence
ϕij + <1>, j = 1, 2, . . ., converging weakly to some element u+ <1> of the space
L1p(M)/<1>. In view of the reflexivity of L
1
p(M)/<1>, such a sequence exists. We
denote by Rm the convex hull of the set {ϕij}j≥m. By Mazur’s theorem, there is a
sequence rm ∈ Rm, m = 1, 2, . . ., such that
‖u− rm‖L1p(M) → 0 as m→∞.
Since rm ∈ C
∞
0 (M), m = 1, 2, . . ., this implies the inclusion u ∈
o
L1p(M). We can
also assert that
J(rm) ≤ sup
j≥m
J(ϕij ), m = 1, 2, . . . ,
as J is a convex functional. Passing to the limit as m→∞ in the last inequality,
we obtain
J(u) ≤ inf
ϕ∈C∞0 (M)
J(ϕ).
Since the converse inequality is obvious, this yields
J(u) = inf
ϕ∈C∞0 (M)
J(ϕ),
whence (1.4) follows according to the variational principle. Thus, u is a solution of
problem (1.1), (1.2).
Exterior boundary value problems traditionally attract the attention of mathe-
maticians [1–7]. In the paper presented to your attention, we give necessary and
sufficient conditions for the solvability of the Neumann problem on Riemannian
manifolds. These conditions are different for p-hyperbolic and p-parabolic mani-
folds. For example, in the simple case that M = Rn \ B1, where B1 is a unit ball
in Rn, the exterior Neumann problem
∆pu = 0 on R
n \B1, |∇u|
p−2 ∂u
∂ν
∣∣∣∣
∂B1
= h,
∫
Rn\B1
|∇u|p dx <∞
has a solution for any function h ∈ Lp/(p−1)(∂B1) if n ≥ 3. On the other hand, in
the case of n = 2, for a solution to exist it is necessary and sufficient that∫
∂B1
h dS = 0.
In this sense, p-parabolic manifolds are similar to bounded domains in Rn (see
Corollaries 2.1 and 2.2).
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2. The case of the functional F with a compact support
Theorem 2.1. Let M be a p-hyperbolic manifold and the functional F defined
by (1.3) have a compact support. Then for problem (1.1), (1.2) to have a solution,
it is necessary and sufficient that F is a continuous functional in
o
L1p(ω) for some
open set ω such that suppF ⊂ ω.
Theorem 2.2. Let M be a p-parabolic manifold and the functional F defined
by (1.3) have a compact support. Then for problem (1.1), (1.2) to have a solu-
tion, it is necessary and sufficient that F is a continuous functional in
o
L1p(ω) for
some open set ω such that suppF ⊂ ω and, moreover,
lim
s→∞
(F, ηs) = 0 (2.1)
for some sequence ηs ∈ C
∞
0 (M) such that
lim
s→∞
‖ηs‖L1p(M) = 0 and ηs|K = 1, s = 1, 2, . . . , (2.2)
where K is a compact set of positive measure.
Corollary 2.1. Let M be a p-hyperbolic manifold with compact boundary and h be
a functional from D′(M) such that supp h ⊂ ∂M . Then the problem
∆pu = 0 on M, |∇u|
p−2 ∂u
∂ν
∣∣∣∣
∂M
= h, (2.3)
has a solution satisfying condition (1.2) if and only if h is a continuous functional
in
o
L1p(ω) for some open set ω such that ∂M ⊂ ω.
Corollary 2.2. Let M be a p-parabolic manifold with compact boundary and h be
a functional from D′(M) such that supp h ⊂ ∂M . Then for problem (2.3), (1.2) to
have a solution, it is necessary and sufficient that h is a continuous functional in
o
L1p(ω) for some open set ω such that ∂M ⊂ ω and, moreover,
(h, 1) = 0. (2.4)
Corollaries 2.1 and 2.2 immediately follow from Theorems 2.1 and 2.2. Assuming
without loss of generality that ω is a compact set, we only note that condition (2.4)
implies (2.1) for any sequence ηs ∈ C
∞
0 (M) satisfying (2.2), where K = ω. In the
case of p-parabolic manifold, such a sequence obviously exists. On the other hand,
if h ∈
o
L1p(M)
∗, then (2.1) is valid for any sequence ηs ∈ C
∞
0 (M) satisfying (2.2),
where K = ω. This in turn implies the validity of (2.4).
To prove Theorems 2.1 and 2.2, we need the following lemmas.
Lemma 2.1. Let cap(K) = 0 for some compact set K of positive measure. Then
M is a p-parabolic manifold.
Lemma 2.2. Let M be a p-hyperbolic manifold. Then for any compact set K the
space
o
L1p(M) is continuously embedded in Lp(K). In other words,
‖ϕ‖Lp(K) ≤ C‖ϕ‖L1p(M) (2.5)
for all ϕ ∈ C∞0 (M), where the constant C > 0 does not depend of ϕ.
In the case of p = 2, Lemmas 2.1 and 2.2 are proved in [5, Chapter 3, §1]. For
p > 1, they are proved in a similar way. For the convenience of readers, we give
this proof in full.
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Proof of Lemma 2.1. Let H be a compact set containing K and ω be an open set
with compact closure such that H ⊂ ω. We represent M as a union of Lipschitz
domains ωi with compact closures such that ω ⊂ ωi ⊂ ωi+1, i = 1, 2, . . .. Let us
denote by ui solutions of the problems
∆pui = 0 on ωi \K, ui|K = 1, ui|∂ωi = 0, |∇u|
p−2 ∂u
∂ν
∣∣∣∣
ωi∩∂M
= 0.
By the maximum principle, we have 0 ≤ ui(x) ≤ ui+1(x) ≤ 1 for all x ∈ ωi,
i = 1, 2, . . .. At the same time,
‖ui‖L1p(ωi) = capp(K,ωi)→ 0 as i→∞.
Hence, {ui}
∞
i=1 is a fundamental sequence inW
1
p (ω). Since mesK > 0, we obviously
obtain ui → 1 in W
1
p (ω) as i → ∞. It is known [9] that the sequence {ui}
∞
i=1 is
bounded in a Ho¨lder norm in some neighborhood of the set ∂ω; therefore, it has
a subsequence converging to one uniformly on ∂ω. By the maximum principle, on
the set ω the function ui does not exceed one and is not less than the exact lower
bound of this function on ∂ω. Thus, ui → 1 uniformly on ω as i → ∞. Further,
let us take a function η ∈ C∞(R) which is equal to zero on (−∞, 1/4] and is equal
to one on [3/4,∞). It is easy to see that η ◦ ui ∈
o
W1p(ωi) and, moreover, η ◦ ui = 1
on ω for all enough large i. Since
‖η ◦ ui‖L1p(ωi) ≤ ‖η
′‖C(R)‖ui‖L1p(ωi) → 0 as i→∞,
this allows us to assert that
capp(H) ≤ lim
i→∞
‖η ◦ ui‖L1p(ωi) = 0.

Proof of Lemma 2.2. We take a Lipschitz domain ω with compact closure such that
K ⊂ ω. Assume to the contrary that there is a sequence of functions ϕi ∈ C
∞
0 (M),
satisfying the conditions
lim
i→∞
‖ϕi‖L1p(M) = 0 and ‖ϕi‖Lp(ω) = mesω > 0, i = 1, 2, . . . . (2.6)
Since W 1p (ω) is completely continuously embedded in Lp(ω), there is a subsequence
of the sequence {ϕi}
∞
j=1 converging in Lp(ω). In order not to clutter up indices, we
denote this subsequence also by {ϕi}
∞
i=1. In view of (2.6), we have ϕi → 1 inW
1
p (ω)
as i→∞; therefore, some subsequence of this sequence which we again denote by
{ϕi}
∞
i=1 converges to one almost everywhere on ω. According to Egorov’s theorem,
there is a set E ⊂ ω of positive measure such that {ϕi}
∞
i=1 tends to one uniformly
on E. Since ϕi are continuous functions, the sequence {ϕi}
∞
i=1 also tends to one
uniformly on the compact set E. Thus, taking the function η the same as in the
proof of the Lemma 2.1, we have
capp(E) ≤ lim
i→∞
‖η ◦ ϕi‖L1p(M) = 0,
whence in accordance with Lemma 2.1 it follows that M is a p-parabolic manifold.
This contradiction proves the inequality
‖ϕ‖Lp(ω) ≤ C‖ϕ‖L1p(M)
for all ϕ ∈ C∞0 (M), where the constants C > 0 does not depend of ϕ, from
which (2.5) follows at once. 
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Proof of Theorem 2.1. The necessity is obvious. Indeed, from the continuity of the
functional F in the space
o
L1p(M), it follows that F is also continuous in
o
L1p(ω) for
any open subset ω of the manifolds M . We prove the sufficiency. Assume that
F ∈
o
L1p(ω)
∗ for some open set ω with suppF ⊂ ω. Let us show that F ∈
o
L1p(M)
∗.
Without loss of generality, it can be assumed that ω is a Lipschitz domain with
compact closure. Take a function ψ ∈ C∞0 (ω) equal to one in a neighborhood of
suppF . It is easy to see that
|(F, ψϕ)| ≤ ‖F‖ o
L1p(ω)
∗
‖ψϕ‖L1p(ω)
for all ϕ ∈ C∞0 (M), whence in accordance with the fact that (F, ϕ) = (F, ψϕ) and
‖ψϕ‖L1p(ω) ≤ ‖ψ‖C(ω)‖ϕ‖L1p(ω) + ‖∇ψ‖C(ω)‖ϕ‖Lp(ω)
we obtain
|(F, ϕ)| ≤ ‖F‖ o
L1p(ω)
∗
(
‖ψ‖C(ω)‖ϕ‖L1p(ω) + ‖∇ψ‖C(ω)‖ϕ‖Lp(ω)
)
for all ϕ ∈ C∞0 (M). At the same time, Lemma 2.2 implies that
‖ϕ‖Lp(ω) ≤ C‖ϕ‖L1p(M)
for all ϕ ∈ C∞0 (M), where the constant C > 0 does not depend of ϕ.
Thus, to complete the proof, it remains to combine the last two estimates. 
Proof of Theorem 2.2. As in the case of Theorem 2.1, we need only to prove the
sufficiency as the necessity is obvious. Without loss of generality, it can also be
assumed that ω is a Lipschitz domain with compact closure and, moreover, the
norms ‖ηs‖W 1p (ω) are bounded by a constant independent of s. If the last condition
is not valid, we replace ηs with
η˜s(x) =


0, ηs(x) ≤ 0,
ηs(x), 0 < ηs(x) < 1,
1, 1 ≤ ηs(x),
s = 1, 2, . . . . (2.7)
Since W 1p (ω) is completely continuous embedded in Lp(ω), there exists a sub-
sequence of the sequence {ηs}
∞
s=1 converging to Lp(ω). Denote this subsequence
also by {ηs}
∞
s=1. In view of (2.2), we obtain
‖1− ηs‖W 1p (ω) → 0 as s→∞. (2.8)
Assume that ϕ ∈ C∞0 (M). By the Poincare inequality,∫
ω
|ϕ− α|p dV ≤ C
∫
ω
|∇ϕ|p dV, (2.9)
where
α =
1
mesω
∫
Ω
ϕdV. (2.10)
Hereinafter in the proof of Theorem 2.2, by C we mean various positive constants
depending only on p, ω, and the support of the functional F . Take a function
ψ ∈ C∞0 (ω) equal to one in a neighborhood of suppF . Let us denote
ϕ′j = (ϕ− αηj)(1− ψ) and ϕ
′′
j = (ϕ− αηj)ψ, j = 1, 2, . . . . (2.11)
We have ϕ = ϕ′j + ϕ
′′
j + αηj ; therefore,
|(F, ϕ)| ≤ |(F, ϕ′j)|+ |(F, ϕ
′′
j )|+ |α||(F, ηj)|, j = 1, 2, . . . , (2.12)
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Since (F, ϕ′j) = 0, this obviously implies the estimate
|(F, ϕ)| ≤ ‖F‖ o
L1p(ω)
∗
‖ϕ′′j‖L1p(ω) + |α||(F, ηj)|, j = 1, 2, . . . .
Combining this with the inequality
‖ϕ′′j‖L1p(ω) ≤ ‖ψ‖C(ω)‖ϕ− αηj‖L1p(ω) + ‖∇ψ‖C(ω)‖ϕ− αηj‖Lp(ω),
we obtain
|(F, ϕ)| ≤ C‖F‖ o
L1p(ω)
∗
(
‖ϕ− αηj‖L1p(ω) + ‖ϕ− αηj‖Lp(ω)
)
+ |α||(F, ηj)|, j = 1, 2, . . . .
Passing to the limit in the last formula as j →∞ with account of the relations
‖ϕ− αηj‖L1p(M) ≤ ‖ϕ‖L1p(M) + |α|‖ηj‖L1p(M) → ‖ϕ‖L1p(M) as j →∞ (2.13)
and
‖ϕ− αηj‖Lp(ω) = ‖ϕ− α + α(1− ηj)‖Lp(ω) ≤ ‖ϕ− α‖Lp(ω) + |α|‖1− ηj‖Lp(ω)
≤ C‖ϕ‖L1p(ω) + |α|‖1− ηj‖Lp(ω) → C‖ϕ‖L1p(ω) as j →∞, (2.14)
we have
|(F, ϕ)| ≤ C‖F‖ o
L1p(ω)
∗
‖ϕ‖L1p(M).
The proof is completed. 
3. The case of the general functional F
We assume that the manifold M admits a locally finite cover
M =
∞⋃
i=1
Ωi (3.1)
of the multiplicity k < ∞, where Ωi are Lipschitz domains with compact closure
such that Ωi ∩ Ωi+1 6= ∅, i = 1, 2, . . . . In so doing, let γ : M → (0,∞) be a
measurable function separated from zero and infinity on each compact subset of
the manifold M and ψi ∈ C
∞
0 (Ωi) be a partition of unity of M such that
|∇ψi(x)|
p ≤ γ(x), x ∈ Ωi, i = 1, 2, . . . . (3.2)
We need the following well-known assertion.
Lemma 3.1 (Poincare inequality). Let ω be a Lipschitz domain with compact
closure. Then ∫
ω
γ|u− u¯| dV ≤ C
∫
ω
γ1−1/p|∇u| dV (3.3)
for any function u ∈ W 1p (ω), where
u¯ =
∫
ω
u dV∫
ω
γ dV
and the constant C > 0 does not depend on u.
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We also assume that
sup
i∈N
Ci
(
1∫
Ωi
γ dV
+
1∫
Ωi+1
γ dV
)
i∑
j=1
∫
Ωj
γ dV <∞ (3.4)
in the case of the p-hyperbolic manifold M and
sup
i∈N
Ci
(
1∫
Ωi
γ dV
+
1∫
Ωi+1
γ dV
)
∞∑
j=i+1
∫
Ωj
γ dV <∞ (3.5)
in the case of the p-parabolic manifold M , where N is the set of positive integers
and Ci > 0 is the constant in (3.3) for ω = Ωi ∪ Ωi+1.
Theorem 3.1. Let M be a p-hyperbolic manifold. Then for problem (1.1), (1.2)
to have a solution, it is necessary and sufficient that
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
<∞, (3.6)
where F is defined by (1.3).
Theorem 3.2. Let M be a p-parabolic manifold. Then for problem (1.1), (1.2)
to have a solution, it is necessary and sufficient that (3.6) holds and, moreover,
conditions (2.1) and (2.2) are valid for some sequence ηs ∈ C
∞
0 (M).
The proof of Theorems 3.1 and 3.2 relies on Lemmas 3.2 – 3.4.
Lemma 3.2. Let ω1 and ω2 are measurable subsets of a Lipschitz domain ω ⋐ M
such that
γi =
∫
ωi
γ dV > 0, i = 1, 2.
Then
1
γ1
∫
ω1
γ|u| dV ≤ C
(
1
γ1
+
1
γ2
)∫
ω
γ1−1/p|∇u| dV +
1
γ2
∫
ω2
γ|u| dV
for any function u ∈ W 1p (ω), where C > 0 is the constant in (3.3).
Proof. Taking into account (3.3), we have∫
ω1
γ|u− u¯| dV ≤ C
∫
ω
γ1−1/p|∇u| dV.
By the inequality |u| − |u¯| ≤ |u− u¯|, this implies that∫
ω1
γ|u| dV −
∫
ω1
γ|u¯| dV ≤ C
∫
ω
γ1−1/p|∇u| dV
or, in other words,
1
γ1
∫
ω1
γ|u| dV ≤
C
γ1
∫
ω
γ1−1/p|∇u| dV + |u¯|. (3.7)
By (3.3), we also have∫
ω2
γ|u− u¯| dV ≤ C
∫
ω
γ1−1/p|∇u| dV,
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whence in accordance with the inequality |u¯|− |u| ≤ |u− u¯| we immediately obtain∫
ω2
γ|u¯| dV −
∫
ω2
γ|u| dV ≤ C
∫
ω
γ1−1/p|∇u| dV.
This is obviously equivalent to
|u¯| ≤
C
γ2
∫
ω
γ1−1/p|∇u| dV +
1
γ2
∫
ω2
γ|u| dV.
Combining the last formula with (3.7), we complete the proof. 
Lemma 3.3. Let the cover (3.1) satisfies condition (3.4). Then∫
M
γ|ϕ|p dV ≤ C
∫
M
|∇ϕ|p dV (3.8)
for any function ϕ ∈ C∞0 (M), where the constant C > 0 depend only on p, the
multiplicity of the cover (3.1), and the left-hand side of (3.4).
Proof. We denote by Ci > 0 the constant in (3.3) for ω = Ωi ∪ Ωi+1. Put
Si =
i∑
j=1
∫
Ωj
γ dV and γi =
∫
Ωi
γ dV, i = 1, 2, . . . .
Let us also assume that S0 = 0. We have∫
M
γ|ϕ|p dV ≤
∞∑
i=1
∫
Ωi
γ|ϕ|p dV =
∞∑
i=1
Si − Si−1
γi
∫
Ωi
γ|ϕ|p dV
=
∞∑
i=1
Si
(
1
γi
∫
Ωi
γ|ϕ|p dV −
1
γi+1
∫
Ωi+1
γ|ϕ|p dV
)
,
whence in accordance with the inequality
1
γi
∫
Ωi
γ|ϕ|p dV ≤ Ci
(
1
γi
+
1
γi+1
)
p
∫
Ωi∪Ωi+1
γ1−1/p|ϕ|p−1|∇ϕ| dV
+
1
γi+1
∫
Ωi+1
γ|ϕ|p dV
which follows from Lemma 3.2 we arrive at the estimate∫
M
γ|ϕ|p dV ≤
∞∑
i=1
SiCi
(
1
γi
+
1
γi+1
)
p
∫
Ωi∪Ωi+1
γ1−1/p|ϕ|p−1|∇ϕ| dV. (3.9)
At the same time, from Jensen’s inequality, it follows that
SiCi
(
1
γi
+
1
γi+1
)
p
∫
Ωi∪Ωi+1
γ1−1/p|ϕ|p−1|∇ϕ| dV ≤ ε
∫
Ωi∪Ωi+1
γ|ϕ|p dV
+ ASpi C
p
i
(
1
γi
+
1
γi+1
)p ∫
Ωi∪Ωi+1
|∇ϕ|p dV
for any ε > 0, where the constant A > 0 depends only on ε and p; therefore, (3.9)
allows us to assert that∫
M
γ|ϕ|p dV ≤ 2kε
∫
M
γ|ϕ|p dV +B
∫
M
|∇ϕ|p dV
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for any ε > 0, where k is the multiplicity of the cover (3.1) and B > 0 is a constant,
depending only on ε, p, k, and the left hand-side of (3.4). Thus, taking sufficiently
small ε > 0 in the last inequality, we complete the proof. 
Lemma 3.4. Let the cover (3.1) satisfy condition (3.5). Then inequality (3.8) is
valid for any function ϕ ∈ C∞(M) equal to zero on Ω1, where the constant C > 0
depends only on p, the multiplicity of the cover (3.1) and the left-hand side of (3.5).
Proof. We put
Si =
∞∑
j=i+1
∫
Ωj
γ dV and γi =
∫
Ωi
γ dV, i = 1, 2, . . . .
Condition (3.5), in particular, means that Si < ∞ for all positive integers i. As
before, by Ci > 0 we denote the constant in inequality (3.3) for ω = Ωi ∪ Ωi+1.
It can be seen that∫
M
γ|ϕ|p dV ≤
∞∑
i=1
∫
Ωi+1
γ|ϕ|p dV =
∞∑
i=1
Si − Si+1
γi+1
∫
Ωi+1
γ|ϕ|p dV
=
∞∑
i=1
Si
(
1
γi+1
∫
Ωi+1
γ|ϕ|p dV −
1
γi
∫
Ωi
γ|ϕ|p dV
)
,
whence in accordance with the inequality
1
γi+1
∫
Ωi+1
γ|ϕ|p dV ≤ Ci
(
1
γi
+
1
γi+1
)
p
∫
Ωi∪Ωi+1
γ1−1/p|ϕ|p−1|∇ϕ| dV
+
1
γi
∫
Ωi
γ|ϕ|p dV
which follows from Lemma 3.2 we obtain (3.9). In conclusion, it remains to repeat
the arguments given in the proof of Lemma 3.3. 
Corollary 3.1. If the cover (3.1) satisfies condition (3.4), then the manifold M is
p-hyperbolic.
Proof. Indeed, let K be a compact set of positive measure. Using Lemma 3.3, we
have
0 <
∫
K
γ dV ≤ C
∫
M
|∇ϕ|p dV
for any function ϕ ∈ C∞0 (M) equal to one in a neighborhood of K, where the
constant C > 0 does not depend of ϕ. Thus, cap(K) > 0. 
Proof of Theorem 3.1. We shall follow the idea given in [11]. Assume that pro-
blem (1.1), (1.2) has a solution. In this case, F is a continuous functional in
o
L1p(M). Let us show the validity of (3.6). We take functions ϕi ∈ C
∞
0 (Ωi) such
that
‖ϕi‖L1p(Ωi) = 1 and (F, ϕi) ≥
1
2
‖F‖ o
L1p(Ωi)
∗
, i = 1, 2, . . . .
Putting
Φj(x) =
j∑
i=1
‖F‖
1/(p−1)
o
L1p(Ωi)
∗
ϕi(x), j = 1, 2, . . . ,
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we have
(F,Φj) ≥
1
2
j∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
, j = 1, 2, . . . . (3.10)
On the other hand,
(F,Φj) ≤ ‖F‖ o
L1p(M)
∗
‖Φj‖L1p(M), j = 1, 2, . . . .
Therefore, taking in to account the relation
‖Φj‖
p
L1p(M)
=
∫
M
|∇Φj |
p dV ≤ kp
j∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
∫
Ωi
|∇ϕi|
p dV = kp
j∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
,
where k is the multiplicity of the cover (3.1), we obtain
(F,Φj) ≤ k‖F‖ o
L1p(M)
∗
(
j∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)1/p
, j = 1, 2, . . . .
Combining the last inequality with (3.10), we conclude that(
j∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)1−1/p
≤ 2k‖F‖ o
L1p(M)
∗
, j = 1, 2, . . . ,
whence (3.6) follows in the limit as j →∞.
Now, we show that (3.6) implies the continuity of the functional F in
o
L1p(M).
Really, let ϕ ∈ C∞0 (M). Since suppϕ is a compact set and (3.1) is a locally finite
cover, the support of ϕ can intersect only with a finite number of domains Ωi.
Consequently,
ϕ =
∞∑
i=1
ψiϕ,
where almost all terms in the right-hand side are equal to zero, whence we have
|(F, ϕ)| ≤
∞∑
i=1
|(F, ψiϕ)| ≤
∞∑
i=1
‖F‖ o
L1p(Ωi)
∗
‖ψiϕ‖L1p(Ωi)
≤
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p( ∞∑
i=1
‖ψiϕ‖
p
L1p(Ωi)
)1/p
. (3.11)
It is easy to see that
‖ψiϕ‖
p
L1p(Ωi)
=
∫
Ωi
|∇(ψiϕ)|
p dV ≤ 2p
∫
Ωi
|∇ψi|
p|ϕ|p dV + 2p
∫
Ωi
ψpi |∇ϕ|
p dV,
whence in accordance with (3.2) and the fact that 0 ≤ ψpi ≤ ψi ≤ 1 on Ωi we obtain
‖ψiϕ‖
p
L1p(Ωi)
≤ 2p
∫
Ωi
γ|ϕ|p dV + 2p
∫
Ωi
ψi|∇ϕ|
p dV, i = 1, 2, . . . .
Therefore,
∞∑
i=1
‖ψiϕ‖
p
L1p(Ωi)
≤ 2pk
∫
M
γ|ϕ|p dV + 2p
∫
M
|∇ϕ|p dV,
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where k is the multiplicity of the cover (3.1). By Lemma 3.3, this implies the
estimate
∞∑
i=1
‖ψiϕ‖
p
L1p(Ωi)
≤ C
∫
M
|∇ϕ|p dV,
where the constant C > 0 depends only on p, k, and the left-hand side of (3.4).
Thus, relation (3.11) allows us to assert that
|(F, ϕ)| ≤ C1/p
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p(∫
M
|∇ϕ|p dV
)1/p
. (3.12)
Theorem 3.1 is completely proved. 
Proof of Theorem 3.2. The necessity is proved in the same way as in the case of
Theorem 3.1. We only note that (2.1) is valid for any sequence ηs ∈ C
∞
0 (M)
satisfying (2.2) since the existence of solutions of (1.1), (1.2) implies that F is a
continuous functional in
o
L1p(M).
We prove the sufficiency. Let ηs ∈ C
∞
0 (M) be a sequence satisfying condi-
tions (2.1), (2.2). Take a Lipschitz domain ω with compact closure such that
K ⊂ ω and Ω1 ⊂ ω. Without loss of generality, it can be assumed that the norms
‖ηs‖W 1p (ω) are bounded by a constant independent of s; otherwise we replace ηs
with (2.7). Since W 1p (ω) is completely continuous embedded in Lp(ω), there exists
a subsequence of the sequence {ηs}
∞
s=1 converging in Lp(ω). For this subsequence
we keep the same notation {ηs}
∞
s=1. Taking into account (2.2), one can assert
that (2.8) is valid.
We agree to denote by C various positive constants depending only on p, the
cover (3.1), the set ω, and the left-hand side of (3.5). Let ϕ ∈ C∞0 (M) and, more-
over, α be the real number defined by (2.10). In view of the Poincare inequality,
estimate (2.9) holds. Also assume that ϕ′j and ϕ
′′
j are defined by (2.11), where
ψ ∈ C∞0 (ω) is some function equal to one on Ω1. For any positive integer j we have
ϕ′j =
∞∑
i=1
ϕ′jψi,
where almost all terms in the right-hand side are equal to zero; therefore,
|(F, ϕ′j)| ≤
∞∑
i=1
|(F, ψiϕ
′
j)| ≤
∞∑
i=1
‖F‖ o
L1p(Ωi)
∗
‖ψiϕ
′
j‖L1p(Ωi)
≤
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p( ∞∑
i=1
‖ψiϕ
′
j‖
p
L1p(Ωi)
)1/p
.
Thus, replacing in the arguments with which estimate (3.12) was obtained the
function ϕ by ϕ′j and Lemma 3.3 by Lemma 3.4, we arrive at the inequality
|(F, ϕ′j)| ≤ C
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p(∫
M
|∇ϕ′j|
p dV
)1/p
. (3.13)
It is not difficult to verify that(∫
M
|∇ϕ′j|
p dV
)1/p
≤ ‖1− ψ‖C(ω)‖ϕ− αηj‖L1p(M) + ‖∇ψ‖C(ω)‖ϕ− αηj‖Lp(ω)
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and, moreover, (2.13) and (2.14) are valid; therefore, (3.13) implies the estimate
lim sup
j→∞
|(F, ϕ′j)| ≤ C
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p
‖ϕ‖L1p(M). (3.14)
Since suppψ ⊂ ω, the function ϕ′′j can be represented as
ϕ′′j =
∑
ω∩Ωi 6=∅
(ϕ− αηj)ψψi.
We note that the family of domains Ωi satisfying the condition ω ∩Ωi 6= ∅ is finite
as ω is a compact set and the cover (3.1) is locally finite. Hence,
|(F, ϕ′′j )| ≤
∑
ω∩Ωi 6=∅
|(F, (ϕ− αηj)ψψi)| ≤
∑
ω∩Ωi 6=∅
‖F‖ o
L1p(Ωi)
∗
‖(ϕ− αηj)ψψi‖L1p(Ωi).
At the same time,
‖(ϕ− αηj)ψψi‖L1p(Ωi) ≤ ‖ψψi‖C(ω)‖ϕ− αηj‖L1p(ω) + ‖∇(ψψi)‖C(ω)‖ϕ− αηj‖Lp(ω),
whence in accordance with (2.13) and (2.14) we obtain
lim sup
j→∞
‖(ϕ− αηj)ψψi‖L1p(Ωi) ≤ C‖ϕ‖L1p(M)
for all i such that ω ∩ Ωi 6= ∅. Thus, one can assert that
lim sup
j→∞
|(F, ϕ′′j )| ≤ C
∑
ω∩Ωi 6=∅
‖F‖ o
L1p(Ωi)
∗
‖ϕ‖L1p(M).
By the Ho¨lder inequality,
∑
ω∩Ωi 6=∅
‖F‖ o
L1p(Ωi)
∗
≤ N1/p

 ∑
ω∩Ωi 6=∅
‖F‖
p/(p−1)
o
L1p(Ωi)
∗


(p−1)/p
,
where N is the number of domains Ωi satisfying the condition ω∩Ωi 6= ∅; therefore,
lim sup
j→∞
|(F, ϕ′′j )| ≤ C

 ∑
ω∩Ωi 6=∅
‖F‖
p/(p−1)
o
L1p(Ωi)
∗


(p−1)/p
‖ϕ‖L1p(M).
Combining this with (2.1), (2.12), and (3.14), we have
|(F, ϕ)| ≤ C
(
∞∑
i=1
‖F‖
p/(p−1)
o
L1p(Ωi)
∗
)(p−1)/p
‖ϕ‖L1p(M).
Theorem 3.2 is completely proved. 
Example 3.1. LetM be a subset of Rn of the form {x = (x′, xn) : |x
′| ≤ xλn, xn ≥ 0}
with a smoothed boundary near zero, where n ≥ 2 and λ ≥ 0 is some real number.
The manifold M is p-hyperbolic if and only if
n > p and λ > (p− 1)/(n− 1). (3.15)
Indeed, if at least one of the inequalities in (3.15) is not valid, then taking
ϕr,R(x) = ϕ
(
ln R
|x|
ln R
r
)
, 0 < r < R,
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where ϕ ∈ C∞(R) is some function equal to zero in a neighborhood of (−∞, 0] and
to one in the neighborhood of [1,∞), we immediately obtain
capp(Br) ≤
∫
M
|∇ϕr,R|
p dV → 0 as R→∞
for all r > 0, where Br = {x ∈M : |x| < r}. Thus, cap(M) = 0.
On the other hand, if both inequalities in (3.15) are valid, then taking Ω1 =
{x ∈ M : |x| < 4}, Ωi = {x ∈ M : 2
i−1 < |x| < 2i+1}, i = 2, 3, . . ., and
γ(x) = c(1 + |x|)−p, where c > 0 is enough large real number, we can construct a
partition of unity ψi ∈ C
∞
0 (Ωi), i = 1, 2, . . ., satisfying condition (3.2). Since (3.4)
holds, Corollary 3.1 implies that M is a p-hyperbolic manifold.
Example 3.2. Let M is the manifold from Example 3.1. We assume that h is a
measure on ∂M with the density (1 + |x|)σ. If M is a p-hyperbolic manifold or, in
other words, inequalities (3.15) are fulfilled, then in accordance with Theorem 3.1
problem (2.3), (1.2) has a solution if and only if
σ <


−
λn(p− 1)
p
− (1− λ)
(
2−
1
p
)
, λ < 1,
−
n(p− 1)
p
, 1 ≤ λ.
Indeed, by estimates based on the embedding theorems, we can show that
‖h‖ o
L1p(Ωi)
∗
≍
{
2i(σ+λn(p−1)/p+(1−λ)(2−1/p)), λ < 1,
2i(σ+n(p−1)/p), 1 ≤ λ,
where Ωi, i = 1, 2, . . ., is the cover constructed in Example 3.1.
We note that, for p-parabolic manifold M , problem (2.3), (1.2) has no solutions
for any σ as condition (2.1) is not fulfilled.
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